The difficulties encountered up till now in the theory of identifying the spin and orbital angular momentum of the photon stem from the approach of dividing the angular momentum of the photon into spin and orbital parts. Here we derive the spin of the photon from a set of two relativistic quantum equations that was first cast from the free-space Maxwell equations by Darwin in 1932.
I. INTRODUCTION
Experimental data revealed that the photon can have both spin and orbital angular momentum [1] . They can be distinguished by their different effects on tiny birefringent particles [2, 3] . They can also be converted from one into another [4] [5] [6] [7] . Nevertheless, a theoretical identification of the spin and orbital angular momentum of the photon has been a big challenge at length [8] [9] [10] [11] [12] [13] [14] [15] and remains a hot topic of intense controversy. Recently, much attention [16] [17] [18] [19] [20] [21] [22] [23] [24] was paid to the physical reality of the local density for the photon spin. In particular, Bliokh et al [19, [25] [26] [27] [28] still considered the vector matrix Ω = Σ 0 0 Σ , where (Σ k ) ij = −iǫ ijk with ǫ ijk the Levi-Civitá pseudotensor, as the operator for the photon spin to define its local density, even though van Enk and Nienhuis [11] had shown that the operator for the photon spin in momentum representation has commuting components.
The difficulties encountered in theory stem from the approach of dividing the angular momentum of the photon into spin and orbital parts [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The purpose of this paper is to put forward a new approach to identify the spin of the photon. We will derive the photon spin from a set of relativistic quantum equations that was first advanced by Darwin [8] and reformulated by Pryce [29] and Inagaki [30] , paying particular attention to how the relativistic quantum constraint determines the nonlocality of the photon spin [20] .
Darwin [8] once showed that Maxwell's equations for a free radiation field can be cast into two equations about a six-component wavefunction, called Darwin's equations. One is a time-dependent Dirac-like equation [21] . The other has nothing to do with the time.
It shows up as a relativistic quantum constraint (RQC) on the wavefunction since without it the Dirac-like equation cannot be relativistically covariant. We find, however, that for Darwin's equations to describe the quantum motion of the photon, the upper and lower parts of the wavefunction cannot be the electric and magnetic fields as Darwin prescribed.
They have a complicated nonlocal relation with the classical fields. Considering Darwin's equations as quantum equations for the photon this way, we show that the same as the Dirac equation predicts the existence of the spin of the electron [31] , the Dirac-like equation itself predicts the existence of a kind of spin. In particular, the spin appears as an intrinsic degree of freedom and is represented by the above-mentioned vector matrix Ω. But when the role of the RQC is taken into account, the spin becomes non-intrinsic [32, 33] . Its representative operator changes into (Ω · p)p/p 2 with p being the momentum operator, which has commuting components. As a result, the so-called local density for the photon spin in position space is physically meaningless [20] . On the other hand, due to the RQC, the expectation value of the photon spin can be expressed in terms of the position-representation wavefunction as integrals of different integrands over the whole position space. The key point is that the RQC conveys the nonlocality of the photon [34] [35] [36] [37] in such a way that the integral of the modulus squared of the position-representation wavefunction over the whole position space gives the total probability but the wavefunction itself does not mean the probability amplitude for the position of the photon. All these results make up the main content of this paper. Let us first introduce the Darwin equations and briefly review their relationship with the Maxwell equations as well as their relativistic covariance.
II. DARWIN'S EQUATIONS AND RELATIVISTIC QUANTUM CONSTRAINT
According to Darwin [8] , the relativistic quantum-mechanical description of free photons is done by a pair of equations about a six-component wavefunction Ψ(x, t),
where H = icΓ 0 (Γ · p) is the Hamiltonian, c = 1/(ε 0 µ 0 ) 1/2 is the speed of light in vacuum,
, I 3 is the 3-by-3 unit matrix, and p = −i ∇ is the momentum operator. The matrices Γ 0 and Γ are all Hermitian and have the following properties,
Eq. (1a) is a Dirac-like equation [21] . Here there is one peculiar feature that does not usually occur in quantum mechanics. This is that apart from satisfying the equation of motion (1a), the wavefunction has to satisfy Eq. (1b). From this equation it follows that H 2 = c 2 p 2 , indicating that no photon state can have p = 0 [8] .
It is easy to cast Darwin's equations (1) into the form of Maxwell's equations in free
in accordance with the concrete forms of the matrices Γ 0 and Γ, where the factor 1 √ 2 is introduced for later convenience, one changes Eq. (1a) into
where the relation (Σ · a)b = i(a × b) has been used. They have the same form as Maxwell's coupled equations about the electric field E and the magnetic field H,
if the following correspondences are assumed,
Meanwhile, since no photon state can have p = 0, Eq. (1b) can be rewritten in terms of F u and F l as [29] p · F u = p · F l = 0.
They are the same as the other two Maxwell equations in free space,
However, it should be pointed out that the upper and lower parts of the wavefunction Ψ cannot be the electric and magnetic fields as Darwin [8] prescribed. An evident fact is that the wavefunction is not necessarily real-valued the same as the electric and magnetic fields.
We will come back to this problem at the end of Section IV.
From the above discussions one can infer that Darwin's equations (1) 
where we have assumed the following commutation relations,
For this reason, we introduce the constant vector matrix −iΓ × Γ, which is exactly equal to Ω according to the commutation relation
With the help of Eqs. (2b) and (2c), it is easy to find
So we see that the sum of L and Ω is a constant of motion. Because it is independent of the extrinsic degrees of freedom such as the position and momentum, Ω represents an intrinsic degree of freedom, called the spin. It obeys the canonical commutation relation,
by virtue of Eq. (6) . The constant of motion, L + Ω, is the total angular momentum.
In a word, the spin is distinguishable from the orbital angular momentum as long as the momentum p is well defined.
According to the definition [38] , the expectation value of the spin in an arbitrary state Ψ that is normalized as Ψ † Ψd 3 x = 1 is given by
in units of . Being an intrinsic degree of freedom, the spin here can also be represented in momentum representation by the same constant vector matrix Ω. In fact, denoting by ψ(k, t) the wavefunction in momentum representation with k the wavevector, which is the Fourier component of Ψ,
we readily change Eq. (8) into
Nevertheless, it is noted that the constant operator Ω does not represent the spin of the photon. This is because the canonical commutation relation (7) together with the property Ω 2 = 2 leads to a consequence [38] that the component of Ω in any fixed direction has eigenvalues of ±1 and 0, which is apparently not the property of the photon spin. Fortunately, the wavefunction of the photon has to obey, apart from the Dirac-like equation (1a), the RQC (1b), which has not yet been exploited at all. Observing that the occurrence of the RQC does not hinder the separation of the spin from the orbital angular momentum, let us examine how the RQC determines the properties of the photon spin.
IV. NONLOCALITY OF PHOTON SPIN DETERMINED BY RQC
A. Nonexistence of local density for photon spin in position space
Darwin's equations in momentum representation
Considering that the RQC (1b) is expressed in terms of the momentum, it is beneficial to write out the Darwin equations (1) in momentum representation. To this end, we substitute Eq. (9) to get
where H = i cΓ 0 (Γ · k) and k = |k|. From Eq. (10b) we have H 2 = 2 c 2 k 2 . It shows that Eq. (10a) has solutions of negative as well as positive energies. Akin to solutions to Dirac's equation [39] , solutions of negative energy correspond to antiphotons [40] if solutions of positive energy correspond to photons. In this paper, we are not concerned with photon annihilation and creation and hence will consider only solutions of positive energy. Taking this into account, it is observed that ψ must be the eigenfunction of the Hamiltonian with eigenvalue ω, obeying the following eigenvalue equation,
where ω = ck. Substituting it into Eq. (10a) and letting ψ = 1
the Fourier transformations of F u and F l , respectively,
we have
It says that both f u and f l are the eigenfunctions of the energy operator E = i ∂ ∂t , having the same eigenvalue ω. At the same time, since no photon state can have k = 0, Eq. (10b) can be rewritten in terms of f u and f l as
in agreement with the eigenvalue equation (11), which reads
The Darwin equations (1) 
Photon spin operator in momentum representation
Now we are in a position to discuss how the RQC (14) determines the nonlocal property of the photon spin. Upon taking Eq. (14) into consideration, we must have
where a † Σ i b = −i(a * ×b) i and w = k/k stands for the unit momentum. Using this property to decompose the vector matrix Σ as
which is equivalent to
Based on the arbitrariness of ψ it is concluded that the RQC in momentum representation changes the spin operator from Ω to (Ω · w)w. That is to say, the operator for the photon spin in momentum representation is no longer the constant vector matrix Ω. It becomes
which is dependent on the momentum. In the first place, it coincides with the well-known conclusion that the spin of the photon is always oriented in its propagation direction [41] .
In the second place, it has commuting Cartesian components,
in perfect agreement with the result that was obtained in the framework of second quantization [11] . In the third place, commuting with the Hamiltonian [H, S] = 0, it is now a constant of motion. In a word, the RQC makes the spin of the photon depend on the momentum of the photon. It is no longer an independent degree of freedom [32] . As a result, the expectation value of the spin of the photon in an arbitrary state ψ is given by
The concrete dependence of S on the momentum determines that there is no local density for the photon spin in position space. To see this, we substitute the inverse Fourier transformation of Eq. (9) into Eq. (18) to get
and ww is a dyadic. The integrand s does not locally depend on the wavefunction Ψ. Its value at any particular point x depends not only on the value of the wavefunction at that point but also on the value at all other points. As a result, the integrand s cannot be interpreted as the local density for the photon spin in position space though its integral over the whole position space yields the expectation value. This shows the nonlocality of the photon spin in position space [20] .
If ww is replaced with the unit dyadic, G(x) will be replaced with Ωδ 3 (x) and s(x, t) will be replaced with Ψ † ΩΨ. In this case, Ω will represent the spin in position representation.
Since ww is not the unit dyadic, Ω cannot be the operator for the spin of the photon in position representation as Bliokh et al claimed [19, [25] [26] [27] [28] . However, we will see in the following that the RQC allows to express the expectation value of the photon spin in terms of the position-representation wavefunction as integrals of different integrands over the whole position space.
B. Further discussions on expectation value of photon spin

Expectation value of photon spin expressed in position representation
We have shown that the RQC (14) Upon substituting the inverse Fourier transformation of (9), we arrive at
which is the same as Eq. (8). This is understandable. As we showed in Section III, the expectation value of the spin can always be expressed by Eq. (8) as long as its wavefunction satisfies the Dirac-like equation (1a). The result that Ω is not the photon spin operator in position representation comes from the RQC (1b). It means that the integrand Ψ † ΩΨ cannot be interpreted as the local density for the photon spin in position space.
To show this, we rewrite Eq. (18) in terms of the upper and lower parts of ψ as
Observing that
by virtue of Eq. (15), we have
Resorting to the property (16), we get
Upon substituting the Fourier transformation (12), we find
which can be further expressed in terms of the position-representation wavefunction Ψ as
Generally speaking, neither Ψ † (1 + Γ 0 )ΩΨ nor Ψ † (1 − Γ 0 )ΩΨ is equal to Ψ † ΩΨ, meaning that there is no unique local density for the photon spin in position space [16, 21] . It is important to note that the expectation value of the orbital angular momentum, defined by L = Ψ † LΨd 3 x, can be converted in the same way into
in momentum representation or into
in position representation, where ∇ k denotes the gradient operator with respect to k.
Eqs. (20) and (22) show that the expectation values of both the spin and orbital angular momentum can be expressed in terms solely of the upper or the lower part of the wavefunction. Let us analyze how the upper and lower parts of the wavefunction are related to the electric and magnetic fields of a free radiation field.
Nonlocal relation of quantum wavefunction with classical fields
It is well known that the real-valued electric and magnetic fields of a free radiation field, when expressed as [9] 
can be expanded in terms of the plane-wave modes in the following way,
where the expansion coefficients e and h are related to each other via
by virtue of Maxwell's equations (3) and (4). In terms of the expansion coefficients, the spin and orbital angular momentum identified in classical theory [14, 15] are expressed as
respectively. If they are postulated to be equal to their corresponding expectation values in quantum mechanics, a comparison with Eqs. (19) and (21) leads to the following relations,
With these relations, we are ready to show how the quantum wavefunction Ψ in position representation is related to the classical fields.
First of all, the quantum wavefunction should be complex-valued. In addition, since 1 √ k is the Fourier transformation of 1
it follows from Eqs. (25) , (9) , and (24) that the upper and lower parts of the wavefunction are expressed in terms of the complex vector functions E and H as
respectively. The upper (or lower) part of the quantum wavefunction taken at one particular point x depends not only on the value of the classical function E (or H) at that point but also on the value at all other points. That is to say, the quantum wavefunction does not locally depend on the classical functions E and H. More importantly, the complex functions E and H do not locally depend on the real-valued electric and magnetic fields E and H.
To show this, denoting by ε(k, t) and η(k, t) the Fourier transformations of E and H, respectively,
a comparison with Eq. (23) gives
which have the properties, ε * (−k, t) = ε(k, t), η * (−k, t) = η(k, t).
It is clear that e and h, the Fourier transformations of the complex functions E and H, are different from ε and η. They are not constrained by such conditions as Eqs. (28) [9] . But they can be expressed in terms of ε and η as [10] e(k, t) 
Since 1 k is the Fourier transformation of 2 π 1 |x| 2 ,
it follows from Eqs. (29a), (24a), and (27a) that the complex function E is related to the electric field E in the following way,
The real part is proportional to the electric field E as the first equation in (23) requires.
But the imaginary part does not locally depend on the electric field. Similarly, the complex function H is related to the magnetic field H as follows,
where we have used Eq. (30) and the following relation,
In a word, the complex functions E and H do not locally depend on the electric and magnetic fields.
It is thus concluded from Eqs. (26) , (31) , and (32) that the upper and lower parts of the wavefunction do not locally depend on the electric and magnetic fields. Eqs. (26) show that the wavefunction satisfying the Darwin equations is similar to the so-called Landau-Peierls wavefunction [42] that was discussed by Pauli [36] and Bialynicki-Birula [40] , except that the complex functions E and H in Eqs. (26) do not mean the electric and magnetic fields. We will see in the next section that the nonlocality of the photon spin lies in the nonlocality of the photon itself in the sense that such a wavefunction has no direct relation to the probability density for the position of the photon.
V. NO PROBABILITY DENSITY EXISTS FOR THE POSITION OF PHOTONS
To this end, we rewrite the Dirac-like equation (1a) as
Its Hermitian conjugate is
Multiplying this equation by Γ 0 on the right, we have This is the continuity equation for the four-current,
The time component j 0 = icΨ † Ψ, which corresponds to the positive-definite entity j 0 /ic = Ψ † Ψ, thus defines a constant of motion [43] ,
It can reasonably be interpreted as the total probability of the photon. However, the RQC (1b) makes it impossible to interpret the integrand Ψ † Ψ as the probability density for the position of the photon.
We have seen that the role of the RQC (1b) is played in momentum representation by Eqs. (15) . Substituting Eq. (9) into Eq. (35) and considering Eqs. (15), we find
With the help of Eq. (12), it is transformed back into
in position representation, which is expressed in terms of the wavefunction Ψ as
Since neither Ψ † (1 + Γ 0 )Ψ nor Ψ † (1 − Γ 0 )Ψ is equal to Ψ † Ψ, it is concluded that there is no unique probability density for the position of the photon. As a result, the wavefunction Ψ does not mean the probability amplitude for the position of the photon as Inagaki [30] speculated. This shows that the photon is nonlocal in position space [34] [35] [36] [37] .
From the foregoing discussion, we can come to the conclusion that the RQC (1b) conveys the nonlocality of the photon in such a way that the position-representation wavefunction does not mean the probability amplitude for the position of the photon even though the integral of its modulus squared over the whole position space gives the total probability. It should be emphasized that the nonlocality of the photon in position space does not mean the absence of a position-representation wavefunction as was stated in the literature [9, 44] .
VI. CONCLUSIONS AND REMARKS
To conclude, we derived from the Darwin equations (1) the spin of the photon. In particular, we showed that the RQC (1b) imposed on the wavefunction has a decisive impact on the properties of the photon spin. On one hand, it determines the operator for the photon spin to be (Ω · w)w in momentum representation, which coincides with the wellknown conclusion that the spin of the photon is always oriented in its propagation direction. [9, 10] or quantum optics [45] is such a wavefunction. The physical meaning of this wavefunction needs further investigation.
We have seen that due to the RQC, the operator for the photon spin in momentum representation does not satisfy the canonical commutation relation. Instead, it is commutative. As a result, the operator for the photon orbital angular momentum in momentum representation does not satisfy the canonical commutation relation either if the total angular momentum is to satisfy the canonical commutation relation [11] . The only explanation for this is that the RQC makes the photon position, represented by x = i∇ k in momentum representation, not satisfy [46] [x i , x j ] = 0. Otherwise, this equation together with the commutation relations (5) would lead to the canonical commutation relation of the orbital angular momentum [38] , [L i , L j ] = i ǫ ijk L k . This is also a demonstration of the nonlocality of the photon in position space. It is worth investigating further how the RQC determines the commutation relation of the photon position, in association with the physical meaning of the position-representation wavefunction. That is beyond the scope of present paper.
